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BOUNDED VARIATION ON METRIC SPACES 
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Abstract. We give a new characterization of the space of functions of bounded variation 
in terms of a pointwise inequality connected to the maximal function of a measure. The 
characterization is new even in Euclidean spaces and it holds also in general metric 
spaces. 



1. Introduction 

There are several equivalent definitions for functions of bounded variation in Euclidean 
spaces. Two of the most common, which we recall below, cannot be generalized to metric 
spaces because they make use of smooth functions and (weak) derivatives. An integrable 
function u is a function of bounded variation, u £ BV(W l ), if 

\\Du\\{R n ) = sup{ / udivipdx : <p G c£(R n ,R n ), ||^||oo < l) < oo, 

or, equivalently, if there exist real finite measures fix, . . . , fj, n such that 

/ uDiip dx — — I ip dfn for all ip G (M n ), i = 1, . . . , n, 

it™ JR n 

that is, the weak gradient Du = [i of u is an R n -valued measure with finite total variation 
|Du|(lR n ). The above definitions are equivalent to the following one, based on a relaxation 
procedure using Lipschitz functions. A function u G L (M n ) belongs to BV(W n ), if 

(1.1) L(u) = inf { liminf / |V«i| dx : u { G Lip(IR n ), m -> u in L 1 (M n )| < oo. 

The definition given by (jl.ip has been generalized to a metric measure space by using the 
local Lipschitz constant (|2.6p in the place of the gradient by Ambrosio in [1] and Miranda 
in |19| . This definition together with the doubling property of the measure and the validity 
of a (1, l)-Poincare inequality provides a rich theory of functions of bounded variation in 
metric spaces, see for example [1], [2], 0], [5], [13], [16], pi], [IB], [E]. Properties of BV 
functions in W 1 can be studied from the monographs [3j (contains a historical overview in 
Section 3.12), [6], [7], [8], [21]. 

In this paper, motivated by the characterization of the Sobolev space VF 1 ' 1 (lR n ) given 
by Hajlasz in [TT], we give a new characterization of functions of bounded variation in 
metric spaces using a pointwise estimate. The characterization is new even in the classical 



Date: January 30, 2013. 

2010 Mathematics Subject Classification. 46E35, 26B30, 28A12. 

Part of this research was conducted during the visit of the second author to Forschungsinstitut fur 
Mathematik of ETH Zurich, and she wishes to thank the institute for the kind hospitality. The second 
author was supported by the Academy of Finland, grant no. 135561. 

1 



2 



PANU LAHTI AND HELI TUOMINEN 



setting. For the notation and definitions used in the introduction and throughout the 
paper, see Section [2j 

Before giving the characterization, we recall the inequality behind the Sobolev spaces 
M 1,P (X), where X = (X,d,fi) is a metric measure space. For 1 < p < oo, the function 
u G L p (R n ) belongs to W 1 ' p (R n ) if and only if there is a function < g G L p (R n ) such 
that the pointwise inequality 

(1.2) \u(x) - u(y)\ <\x- y\(g(x) + g{y)) 

holds for almost all x,y G R n , see {9]. The validity of (JO} for u G W 1 ' p {R n ) follows from 
the inequality 

(1.3) \u(x) - u(y)\ < C{n)\x - y\ [M 2 \ x - y \ |Vu|(x) + M 2 \ x - y \ |Vu|(y)] 

for almost all i,y£ M n , which holds for all 1 < p < oo, and the L p -boundedness of the 
Hardy-Littlewood maximal operator A4 for p > 1, see for example [9]. The boundedness is 
essential; for a function u G W ' (M n ) there is not necessarily any integrable function g such 
that inequality (jl.2p holds, see [11]. In [11], Hajlasz gave the following characterization of 
14^ 1 ' 1 (IR ra ) using a pointwise estimate with maximal functions on its right-hand side. 

Theorem 1.1 (HD Theorem 4]). Let u G L 1 (E n ). Then u G VF 1,1 ^™) i/and on^y z/i/zere 
exists a function < g G L 1 (M n ) and a constant a > 1 suc/i £/ia£ i/ie pointwise inequality 

(1-4) Kx) - U(y)| < |x - 2/| [A^ls-j,! 5(2;) + A^<7|a:-i/| 5(y)] 

ZioWs /or almost all x,y G M n . 

In the metric setting, we can characterize Newtonian functions by a similar pointwise 
inequality, provided the space supports the (l,p)-Poincare inequality (|2.7p . Recall that 
Newtonian spaces are a generalization of Sobolev spaces to metric spaces using upper 
gradients, see [20]. For any p > 0, a (l,p)-Poincare inequality for a pair u G L loc (X) and 
a measurable function g > implies, using a standard chaining argument, a pointwise 
inequality of the same type as (|l,4p , 

(1.5) \u(x)-u(y)\ < Cd(x,y)[(M 2Td(x , y) g p (x)) 1/p + (M 2Td(x , y) g p (y)) 1/p 

for ^-almost all x, y G X, see [12, Theorem 3.2]. A converse holds whenp > s/(s+l), where 
s is the doubling dimension: if the pair u,g G LP(X) satisfies the pointwise inequality 
(jl.5|) . it also satisfies a (1, p)-Poincare inequality, see [10^ Theorem 9.5]. Furthermore, if 
p > 1 and X is complete, then according to [10, Theorem 11.2], it follows that u belongs 
to the Newtonian space N 1,P (X). Thus the pointwise inequality (jl.5p for u,g G L P (X) 
characterizes the space N l,p {X) for any 1 < p < 00. 

For SI/ functions, Poincare inequality (|2.8p and the same proof as in [12, Theorem 3.2] 
give a similar estimate as (|1.5p for the oscillation of a function. Namely, if u G BV(X), 
then for ^-almost all x,y G X, 

(1.6) |u(x) < C d(x,y)[M 2T d(x,y),\\Du\\{x) + M 2T d(x,y),\\Du\\{y)], 

where the constant C > depends only on the doubling constant C4 and on the constants 
of the Poincare inequality. Here M 2r d,\\Du\\ is the restricted maximal function (j2.4j) of the 
measure ||-Du||. In Theorem 13.21 we show that a similar pointwise inequality ()3.ip with 
a maximal function of a measure implies a Poincare type inequality (|3.2p with the same 
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measure on the right hand side. This, together with Theorem II .21 by Miranda, shows that 
u is a function of bounded variation. 

Theorem 1.2 ([19, Theorem 3.8]). Let X be a complete, doubling metric measure space 
that supports a (1, l)-Poincare inequality. Let u G L 1 (X). Then u £ BV(X) if and only 
if there exist constants C\ > and n > and a positive, finite measure v such that 

/ \u — ub\ djj, < C\rv(j]B) 
Jb 

for each ball B(x,r). Moreover, \\Du\\ < Cv, with C = C(Ci,Cd,rf). 

We obtain our characterization by combining (|1.6|) , Theorem 13.21 and Theorem 11.21 
Although the characterization is new even in Euclidean spaces, we formulate it only in the 
general metric space setting. 

Theorem 1.3. Let X be a complete, doubling metric measure space that supports a (1,1)- 
Poincare inequality. Let u € L 1 (X). Then u € BV(X) if and only if there exists a 
positive, finite measure v and constants a > 1 and Co > such that the inequality 

\u(x) -u(y)\ < C d(x,y)[M a d(x,y),u( x ) +- W <rd( I , !/ ), I /fe)] 
holds for fi-almost all x,y G X. Moreover, \\Du\\ < Cv, where C only depends on Co, a, 
the doubling constant of the measure, and the constants in the (1, l)-Poincare inequality. 

2. Notation and preliminaries 

We assume that X = (X, d, fi) is a metric measure space equipped with a metric d and 
a Borel regular, doubling outer measure fi. The doubling property means that there is a 
fixed constant Cd > 0, called the doubling constant of fi, such that 

(2.1) fi(2B) < c df i(B) 

for every ball B = B(x,r) = {y € X : d(y,x) < r}. Here tB = B(x,tr). We assume 
that the measure of every open set is positive and that the measure of each bounded set 
is finite. The doubling condition gives an upper bound for the dimension of X. By this 
we mean that there is a constant C = C(cd) > and an exponent s > such that 

/ 99 n /!(£(?/, r)) ^(r 

1 } ti(B(x,R)) ~ \R 

whenever < r < R < diam(X), x E X, and y E B(x, R). Inequality (|2.2p holds certainly 
with s = log 2 Cd (but it may hold for some smaller exponents as well) . We call s the 
doubling dimension of X. 

We also assume that X is complete; recall that a metric space with a doubling measure 
is complete if and only if the space is proper, that is, closed and bounded sets are compact. 
When we say that an inequality such as (|1.5p holds for ^-almost all x,y G X, we mean 
that there is a set E C X such that the property holds for all x,y G X \ E, and [i(E) = 0. 

The restricted Hardy-Littlewood maximal function of a locally integrable function u is 

(2.3) Mru{x)= sup f \u(y)\d/j,(y), 

0<r<RJB(x,r) 

where ub = j- B udn = fi(B)^ 1 f B ud/j, is the integral average of u over B. For R = oo, 
Aioo u is the usual Hardy-Littlewood maximal function M. u. 
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Similarly, the restricted maximal function of a positive, finite measure v is 

(2.4) MnA*) = - P 

For R = oo, we write M. v . 

A curve is a rectifiable continuous mapping from a compact interval to X. A nonnegative 
Borel function g on X is an upper gradient of an extended real valued function wonl, if 
for all curves 7 in X, we have 

(2.5) \u(x) - u(y)\ < gds, 

whenever both u(x) and u(y) are finite, and J g ds = 00 otherwise. Here x and y are the 
end points of 7. If 5 is a nonnegative measurable function on X and (j2.5[) holds for almost 
every curve with respect to the 1-modulus, then g is a 1-weak upper gradient of u. For the 
concept of modulus in metric spaces, see [15]. A natural upper gradient for a Lipschitz 
function u is the local Lipschitz constant 

(2.6) Lipu{x) = limmf sup — r . 

y eB(x,r) a{x,y) 

Next we recall the definition of functions of bounded variation on metric spaces, given by 
Miranda in [TU1. 



Definition 2.1. For u € Lj oc (X), we define 

||Z)u||(A) = inf < liminf / Lipuj(i^ : Ui € Lip loc (A), Ui — > u in L\ oc {X) >, 
L i— ¥00 Jx J 

and we say that a function u S L X (A) is of bounded variation, u G if ||Du||(X) < 

00. Note that replacing the Lipschitz constants with 1-weak upper gradients in the defi- 
nition yields the same space. 

We say that X supports a (weak) (l,p)-Poincare inequality, < p < 00, if there exist 
constants cp > and r > 1 such that for all balls B = B(x,r), all locally integrable 
functions u, and all p-weak upper gradients g of u, we have 

(2.7) y \u — usldfi < cpr^j- g p dpj 

If the space supports a (1, l)-Poincare inequality, then for every u € BV(X) we have 
2.8 / n-n B dfi < c P r U " V ; , 

where the constant cp and the dilation factor r are the same as in (|2.T[) . Inequality (|2.8p 
follows easily by using (|2.7p for approximating Lipschitz functions in the definition of 
BV(X). 

The characteristic function of a set E C X is Xe- Both the Euclidean distance and the 
Lebesgue measure in W 1 are denoted by j • | . In general, C will denote a positive constant 
whose value is not necessarily the same at each occurrence. 
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3. POINTWISE ESTIMATE AND POINCARE INEQUALITY 



We begin with a geometric lemma. Recall that X is a geodesic space if every two points 
x, y G X can be joined by a curve whose length is equal to d(x, y). 

Lemma 3.1. Let X be a geodesic metric space. If B(xq, R) is a ball, x € B(xq,R), and 
< r < 2R, then there is a ball of radius r/2 in B(x,r) n B(xq,R). 

Proof. If d(x,xo) > r/2, then the assumption that X is geodesic implies that there is 
a point z such that d(z,x) = r/2 and d(z,xo) = d(x,xo) — r/2, and hence B(z,r/2) C 
B(x,r)nB(x ,R). 

On the other hand, if d(x, xq) < r/2, then B(xq, r/2) C B(x, r) n B(xq, R). □ 
The idea of the proof of the next theorem is from |10| and 

Theorem 3.2. Let X be a complete, doubling metric measure space that supports a (1, 1)- 
Poincare inequality. Let u € L\ oc (X), and let v be a positive, finite measure. If there are 
constants a > 1 and Cq > such that the inequality 



Jb 

for each ball B = B(x,r). The constants C and rj depend only on Cq, a, the doubling 
constant of the measure, and the constants in the (1,1) -Poincare inequality. 

Proof. Since X supports a (1, l)-Poincare inequality, X is quasiconvex. This means that 
there is a constant C > 1, depending only on the doubling constant Cd and the constants 
in the Poincare inequality, such that every two points x, y £ X can be connected by a 
curve 7 satisfying £(7) < C d(x, y), where £(7) is the length of 7, see [12, Proposition 4.4]. 
This implies that X endowed with the length metric p(x, y) = inf ^(7), where the infimum 
is taken over all curves connecting x and y, is bi-Lipschitz homeomorphic to X. Since 
the doubling property, the (1, l)-Poincare inequality and inequalities f)3. 1|) and (|3.2p are 
invariant under bi-Lipschitz homeomorphisms (cf. [141 Chapter 9]), we may replace the 
metric d by p and work with the new space (X, p, p). Therefore, throughout the proof we 
will assume that d is the length metric. Since X is proper, such a metric has the property 
that every two points x, y € X can be connected by a geodesic, that is, a curve whose 
length equals d(x,y), see [10, Theorem 3.9]. 

Let B = B(xq, R) be a ball. We begin the proof by checking what we can assume from 
u and v. Since neither inequality (|3.ip nor inequality (|3.2p change if a constant is added 
to u, we may assume that ess inf e \u\ = for a set E C B with p(E) > 0. We will choose 
the set E later. 

We define r = 3d, and A = v\ t b- The pointwise estimate (|3.ip implies that, 



(3.1) \u(x) -u(y)\ < C d(x,y)[M t7d ( Xyy)yU (x) + M ad{X)y))U (y)] 



holds for p-almost all x, y € X , then 



(3.2) 




(3.3) 



u(x)-u(y)\ < C d(x,y)[Mx(x) + M x (y)] 



for almost all x,y E B. We may assume that (|3.3p holds for all x,y € B because inequality 
(1331) with B replaced by B \ F, where p(F) = 0, implies ([22]) with B. 
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Moreover, we may assume that X(tB) > 0, since otherwise u is constant in B, and 
inequality ()3.2[) follows. For each k £ Z, we define 

E k = {x £ B : M\(x) <2 k ) and a k = sup |it(x)|. 
Then E k _i C -Bfc and a k -\ < Qfe for each A;, and 

(3.4) / \u-u B \dn<2 \u\dn<2 ^ a k ^{E k \E k _i). 

JB JB fc=-oo 

We will obtain an upper bound for the right hand side of this inequality by estimating the 
values of a k . By the pointwise estimate (|3.3p . the function u is Co2 fc+1 -Lipschitz in E k . 
Hence, for each x E E k and y E E k -\, we have 

(3.5) \u(x)\ < \u(x)- U (y)\ + \u(y)\<C 2 k+1 d(x,y) + a k _ 1 . 

Our next goal is to find for each x E E k a point y € -Efc-i such that the distance from y 
to x is sufficiently small. Fix x E E^. By Lemma 13.14 B(x,r) n -B contains a ball i? of 
radius r/2if0<r< 2i2, and hence, by the doubling property of fi, 

(3.6) n{B{x } r)HB)> n{B) > ^{B)c d 2 (^) *, 

where s = log 2 Since s can always be replaced by a larger number, we can assume that 
s > 1. We also have the weak type estimate 

(3.7) \ E fc _i) = ^({x € S : M x (x) > 2 fc - 1 }) < ^X(tB). 

Thus, in order to obtain the inequality fi(B(x,r) fl B) > /i(2? \ E k _\), it is sufficient to 
require that 

that is, 



r>2R 



CX(tB) \V« 



2 fc -V(5)/ 
Let us thus define for each £ Z 



/ CA(r5) 



Now, since fi(B(x,r k ) (1 B) > fi(B \ E k -i), there is a y £ B(x,r k ) n E k -\. The definition 
of rfc and (|3.5p then imply that 

a fc < a fc _! + C 2 fc +V fe = a k ^ + C^R ^^ ) ^ . 
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Iterating the above estimate starting from some fco £ Z, we get 



for each k > k$. Note that < afc for each k < Aft. Now, as mentioned before equation 
(|3.6p . we must require that rfc 0+1 < 2R, that is, 

2R[ , V ,' ) <2R, 

or equivalently 

CX(tB) 

Let G 2 be the smallest integer for which the above inequality holds. We then have 

2 *o > CA(rB) 



KB) 
and 

2 /co-x < 



^ ^ CA(rB) 



By the doubling property of fi we thus have for some constant C 

(3.9) < 2^ < C^l. 

We select the set E discussed in the beginning of the proof to be E ko . Note that /j,(E ko ) > 
because fj,(B(x, r ko+ i) nB) > /u(.B \ 2?fc ) f° r an y x E B. As mentioned in the beginning 
of the proof, we can now assume that ess inf Efc \u\ = 0. Then, by the C 2 fco+1 -Lipschitz 
continuity of u in E ko , and (|3.9p we have the following estimate for afc : 

(3.10) a ko = sup |u| < C7 2 fc()+1 • 2R < CR^^-. 

E ko K T B ) 

By writing A k = E k \ E^—i and using (|3.4|) and (|3.8p . we have 
- \u-u B \dn< ^2 a k fj,(A k ) 

■* B fc=-oo 

< £ + f; (a k0 + CR(^l) 1/S 2 k ^)KA k ) 



k=—oo fc=fco+l 

oo 



(3.11) < a k ^{A k ) + CR[^-) 1/S f; 2 fc ( 1 -^)^(i?\^_ 1 ) 

fc=-oo ^ ' fc=fc +l 
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where, by (|3. 10[) and the doubling property of 

,\(tB) 

k=— oo 



]T a kof ,(A k ) < CRj^fi(B) < CRX(tB). 



Moreover, we estimate the last sum of (|3.1ip by using the weak type estimate (|3.7p and 
(GDI: 

f; 2^-iA) MjB \E fe _ 1 )< £ 2 k ^)^p- 

fc=fco + l fc=fco + l 

oo 

< c\{tB) £ 2 ~ h/s 

k=k +l 

< C\{TB)2- ko ' s 
'H(tB)\V» 



< CX(tB) 



X(tB) 



Finally, using the doubling property of fi, we get 

- / \u-u B \dfj. < CRX{tB). 
2 Jb 

Hence the claim follows — we only have to note that the constants in the final form of 
the Poincare type inequality will possibly be altered by the swaps between the metrics 
discussed in the beginning of the proof. □ 
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